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Abstract 

The ground state charge and matter density distributions, the corresponding root mean square 

(rms) radii and the elastic electron scattering form factors for some sd-shell nuclei (such as 

23Na, 25Mg, 27Al and 29Si nuclei) are studied by the radial wave functions of the harmonic 

oscillator (HO) and Woods-Saxon (WS) potentials. The calculated results are discussed and 

compared with the experimental data. It is found that the calculated results of charge and matter 

density distributions are in very good agreement with the experimental data. 

Keywords: Woods-Saxon potential, Harmonic oscillator potential, Charge density distributions, Elastic 

electron scattering, Nuclear radii. 
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 sdالنووية  لبعض نوى القشرةالشحنية وانصاف االقطار النووية توزيعات الكثافة 

 أحمد نجم عبدللا 

 العراق  - بغداد – جامعة بغداد - كلية العلوم -قسم الفيزياء 

 الخالصة

وعوامل التشكل لالستطارة االلكترونية المرنة    لھا المرافقة االقطار انصاف مع  تم دراسة توزيعات الكثافة الشحنية والمادية

  .ساكسون-باستخدام الدوال الموجية القطرية لجھدي المتذبذب التوافقي وودز sd لبعض النوى الواقعة ضمن القشرة النووية

الكثافة الشحنية والما العملية وتم الحصول على توافق جيد بين توزيعات  القيم  النتائج المحسوبة مع  القيم  تم مقارنة  دية مع 

 العملية. 

ساكسون، جھد المتذبذب التوافقي، توزيعات الكثافة الشحنية ، االستطارة االلكترونية المرنة،  -جھد وودز الكلمات المفتاحية:

 انصاف االقطار النووية.

Introduction 

In the nuclear structure the most important quantities are the form factors and charge density 

distributions (CDD) which are well studied experimentally for a wide range of nuclei. 

Moreover, the distribution of density is an important object for theoretical and experimental 

investigations because in nuclear theory it plays the role of a fundamental variable [1]. One of 

the powerful tools to investigate the CDD for stable nuclei is electron–nucleus scattering [2,3]. 

We can obtain information about the charges distribution within the nucleus by measuring the 

elastic cross sections. 

The most important nuclear potential used to describe the interaction between the single 

nucleon and whole nuclei is the Woods–Saxon potential. This potential is widely used in 

nuclear reactions, nuclear structure, particle physics and nuclear scattering. The Woods–Saxon 

basis used as better choice than harmonic oscillator basis in both non-relativistic and relativistic 

theories of nuclear mean-field shell model to study the nuclear structure, nuclear decay and 

electromagnetic transitions [4].  
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Abdullah [5] has calculated the charge density distributions in the ground state, elastic electron 

scattering form factors and the corresponding rms radii for some 1p-shell nuclei with Z = N 

(such as 6Li, 10B, 12C and 14N nuclei) using the single particle radial wave functions of harmonic 

oscillator (HO) and Woods-Saxon (WS) potentials. The calculated results were discussed and 

compared with the experimental data. Abdullah [6] has used the Skyrme parameters namely; 

SGII, SKxtb, SKxs15, SKxs20, SKO and SKxs25 within the Skyrme–Hartree–Fock (SHF) 

method to investigate the proton, charge and matter densities, the corresponding rms radii and 

neutron skin thickness for some sd-shell nuclei with Z=N (such as; 20Ne, 24Mg, 28Si and 32S). 

The results obtained were compared with the experimental results. The calculated results 

showed a good agreement with experimental data. 

In this work, we study the ground state charge and matter density distributions, the 

corresponding root mean square (rms) radii and the elastic electron scattering form factors for 

some sd-shell nuclei such as 23Na, 25Mg, 27Al and 29Si nuclei using the single particle radial 

wave functions of the harmonic oscillator (HO) and Woods-Saxon (WS) potentials and 

compared the calculated results with the available experimental results. 

Theory 

The matter density distributions are given as [7]: 

𝜌𝑚(𝑟) = 𝜌𝑝(𝑟) + 𝜌𝑛(𝑟),             (1) 

Where 𝜌𝑝(𝑟) and 𝜌𝑛(𝑟) are the proton and neutron density distributions, respectively which can 

be written as [8]: 

𝜌𝑝(𝑟) =
1

4𝜋
∑ 𝑋𝑝

𝑛ℓ𝑗
|𝑅𝑛ℓ𝑗|

2
𝑛ℓ𝑗           (2) 

𝜌𝑛(𝑟) =
1

4𝜋
∑ 𝑋𝑛

𝑛ℓ𝑗
|𝑅𝑛ℓ𝑗|

2
𝑛ℓ𝑗           (3) 

where 𝑋𝑝(𝑛)
𝑛ℓ𝑗

 is the number of protons or neutrons in the 𝑛ℓ𝑗 -subshell. 

The normalization conditions for the ground state densities given in eqs. (1-3) are:  
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𝑔 = 4𝜋 ∫ 𝜌𝑔(𝑟)
∞

0
 𝑟2𝑑𝑟,           (4) 

where 𝜌𝑔(𝑟) corresponds to the one of the densities [𝜌𝑝(𝑟), 𝜌𝑛(𝑟), 𝜌𝑚(𝑟)] and 𝑔 corresponds 

to the number of nucleons in each case. 

In this study, two methods are utilized for calculating the ground state densities of nuclei under 

study namely HO and WS. 

In the HO method, the proton, neutron and matter density distributions are described by the HO 

radial wave function that given by [9]:  

𝑅𝑛ℓ(𝑟) =
1

(2ℓ + 1)‼
[
2ℓ−𝑛+3(2𝑛 + 2ℓ − 1)‼

√𝜋𝑏3(𝑛 − 1)!
] (

𝑟

𝑏
)

ℓ

𝑒−𝑟2/2𝑏2
 

∑(−1)𝑘
(𝑛 − 1)! 2𝑘(2ℓ + 1)‼

(𝑛 − 𝑘 − 1)! 𝑘! (2ℓ + 2𝑘 + 1)‼
(

𝑟

𝑏
)

2𝑘
𝑛−1

𝑘=0

                    (5) 

Where 𝑏 = √ℏ/ 𝑀𝑝𝜔 is the HO size parameter (which is the length parameter for the HO well), 

𝑀𝑝 is the mass of the proton and 𝜔 is the angular frequency. 

In the WS method, the proton, neutron and matter density distributions are described by the WS 

radial wave function which are taken from the solution to radial part of the Schrodinger equation 

using WS potential which given as [10]: 

 
𝑑2𝑅𝑛ℓ𝑗(𝑟)

𝑑𝑟2 +
2𝜇

ℏ2 [𝜀𝑛ℓ𝑗 − 𝑉(𝑟) −
ℏ2

2𝜇

ℓ(ℓ+1)

𝑟2 ] 𝑅𝑛ℓ𝑗(𝑟) = 0        (6) 

Where 𝑅𝑛ℓ𝑗(𝑟) the radial eigenfunction of WS potential, 𝜀𝑛ℓ𝑗 is the single particle binding 

energy,  𝑛, ℓ and 𝑗 are the principle, orbital angular and total quantum numbers and 𝜇 is the 

reduced mass of the core and single nucleon 𝜇 = 𝑚(𝐴 − 1/𝐴), A is the nuclear mass number 

and m is the nucleon mass. 

The local potential [V(r)] can be written as [11]: 
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𝑉(𝑟) = 𝑉0(𝑟) + 𝑉𝑠𝑜(𝑟)𝑳. 𝑺 + 𝑉𝑐(𝑟),          (7) 

Where 𝑉0(𝑟) is the central potential takes the form of WS potential [11]: 

𝑉0(𝑟) =  −
𝑉0

1+𝑒(𝑟−𝑅0)/𝑎0
                (8) 

𝑉0 is depth of central potential. 

𝑉𝑠𝑜(𝑟) is the spin-orbit potential expressed as [11]: 

𝑉𝑠𝑜(𝑟) = 𝑉𝑠𝑜
1

𝑟
[

𝑑

𝑑𝑟

1

(1+𝑒(𝑟−𝑅𝑠𝑜)/𝑎𝑠𝑜)
]         (9) 

𝑉𝑠𝑜 is depth of spin-orbit potential. 

and 𝑉𝑐(𝑟) is the Coulomb potential (for protons only) generated by a homogeneous charged 

sphere of radius 𝑅𝑐 [12]: 

𝑉𝑐(𝑟) = {

𝑍𝑒2

𝑟
                                 for     𝑟 > 𝑅𝑐 

𝑍𝑒2

𝑅𝑐
[

3

2
−

𝑟2

2𝑅𝑐
2]              for     𝑟 ≤ 𝑅𝑐

            (10) 

and 𝑉𝑐(𝑟) = 0 for neutrons. 

The radii 𝑅0,𝑅so and 𝑅c are usually expressed as [12]: 

𝑅𝑖 = 𝑟𝑖 𝐴
1/3                          , 𝑖 = 0, 𝑠𝑜 𝑜𝑟 𝑐             (11) 

Where 𝐴 is the nuclear mass number 

From the proton density 𝜌𝑝(𝑟) and the intrinsic charge distribution 𝑓𝑝 of one proton, we can 

obtain the charge distribution of the nucleus with the following folding relation [12]: 

𝜌𝑐ℎ(𝑟) = ∫ 𝜌𝑝(𝑟)𝑓𝑝(𝑟′ − 𝑟) 𝑑𝑟′    (12) 

Where 𝑓𝑝 takes the Gaussian form as follows [12]: 

𝑓𝑝(𝑟) =
1

(√𝜋𝑎𝑝)
3 𝑒(−𝑟2/𝑎𝑝

2)   (13) 

The charge and matter rms radii can be written as [13]: 
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𝑟𝑔 = 〈𝑟𝑔
2〉1/2 = [

∫ 𝑟2𝜌𝑔(𝑟)𝑑𝑟

∫ 𝜌𝑔(𝑟)𝑑𝑟
]

1/2

                    𝑔 = 𝑚, 𝑐ℎ         (14) 

The elastic form factor in the plane wave Born approximation (PWBA) is given by [12]: 

𝐹(𝑞) =
4𝜋

𝑍
∫ 𝜌𝑐ℎ(𝑟)𝑗0(𝑞𝑟)𝑟2𝑑𝑟

∞

0
  (15) 

Where 𝑗0(𝑞𝑟) is the spherical Bessel function of order zero and q is the momentum transfer 

from the incident electron to the target nucleus. 

Results and discussion 

The ground state charge and matter density distributions and the corresponding rms radii for 

some sd-shell nuclei (such as 23Na, 25Mg, 27Al and 29Si nuclei) are studied by the radial wave 

functions of the HO and WS potentials. The elastic charge form factors of these nuclei are 

studied through combining the charge density distributions with the plane-wave Born 

approximation (PWBA).  

The WS parameters are chosen to reproduce the single particle binding energies of Ref. [14] 

because of the absence of available experimental single particle binding energies for selected 

nuclei. Table 1 displays the WS parameters used in the present study.  

Table 1: The WS parameters employed in the present study 

Nuclei V0 (MeV) Vso (MeV) a0 = aso (fm) r0 = rso (fm) rc (fm) 
23Na 59.294 6.0 0.819 1.312 1.371 
25Mg 55.838 6.0 0.765 1.278 1.361 
27Al 56.673 6.0 0.759 1.292 1.353 
29Si 58.527 6.0 0.771 1.281 1.346 

The charge and matter rms radii are calculated by the HO and WS potentials for 23Na, 25Mg, 

27Al and 29Si nuclei and tabulated in Table-2 along with the experimental results [15-18]. It is 

clear from this table that the obtained results are in a good agreement with experimental results 
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within quoted error. The calculated results of the single-particle energies (ε) for the selected 

nuclei along with those of Ref. [14] are displayed in table 3.  

Table 2: Comparison between the experimental and calculated results of charge and matter rms radii 

measured in fermi units 

Nuclei 〈𝑟𝑐ℎ
2 〉1/2 〈𝑟𝑐ℎ

2 〉𝑒𝑥𝑝
1/2

 

[15,16] 

〈𝑟𝑚
2〉1/2 〈𝑟𝑚

2〉𝑒𝑥𝑝
1/2

 

 [17,18] HO WS HO WS 
23Na 2.993 3.026 2.993±0.002 2.937 2.946 2.93±0.03 
25Mg 3.036 3.102 3.11±0.05 2.974 3.013 2.96±0.25 
27Al 3.105 3.149 3.061±0.003 3.040 3.056 3.093±0.009 
29Si 3.142 3.173 3.13±0.05 3.068 3.078 ---- 

 

Table 3: The calculated single particle binding energies for 23Na, 25Mg, 27Al and 29Si nuclei  

 

Nuclei 𝑛ℓ𝑗 proton neutron  

εcal (MeV) εl (MeV) [14] εcal (MeV) ε (MeV) [14] 
23Na 1s1/2 35.382 35.382 40.337 40.337 

1p3/2 23.241 23.241 27.830 27.830 

1p1/2 20.750 20.750 25.345 25.345 

1d5/2 10.969 10.969 15.167 15.167 
25Mg 1s1/2 32.732 32.732 38.081 38.081 

1p3/2 20.970 20.970 25.937 25.937 

1p1/2 18.455 18.455 23.432 23.432 

1d5/2 9.001 9.001 13.556 13.556 
27Al 1s1/2 34.185 34.185 39.910 39.910 

1p3/2 22.789 22.789 28.123 28.123 

1p1/2 20.458 20.458 25.809 25.809 

1d5/2 11.019 11.019 15.945 15.945 
29Si 1s1/2 35.728 35.728 41.840 41.840 

1p3/2 24.363 24.363 30.076 30.076 

1p1/2 22.117 22.117 27.849 27.849 

1d5/2 12.571 12.571 17.872 17.872 

1d5/2 ---- ---- 13.795 13.795 

 

Figures 1(a) - 1(d) show the calculated CDD's for 23Na,25Mg, 27Al and 29Si nuclei, respectively 

obtained by the HO potential (red curve) and WS potential (blue curve) along with the 

experimental data (filled circle symbols) [15,19]. It is evident from these figures that both of 
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the red and blue curves are in very good agreement with the experimental data except a slight 

deviation appearing in the calculated results at the region of small r. 

 

         

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: The calculated CDD's for 23Na, 25Mg, 27Al and 29Si nuclei. The blue curve and data have 

been progressively offset by 1 fm and 0.01 in the charge density. 
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Fig. 2 illustrates the calculated matter density distributions (MDD's) for 23Na [Fig. 2(a)], 25Mg 

[Fig. 2(b)], 27Al [Fig. 2(c)] and 29Si [Fig. 2(d)] nuclei obtained by HO potential (red curves) and 

WS potential (blue curves). For comparison the experimental matter densities (filled circle 

symbols) of these nuclei [15,19] are also shown in this figure. It is clearly shown from this 

figure that the calculated matter density distributions for these nuclei underestimate the 

experimental results at the region of small r whereas beyond this region the calculated results 

agree very well with the experimental data. 

 

Figure 2: The calculated and experimental MDD's for 23Na, 25Mg, 27Al and 29Si nuclei. The blue curve 

and data have been progressively offset by 1 fm and 0.02 in the matter density 
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Fig. 3 presents the elastic charge form factors obtained by HO (red curve) and WS (dashed-

blue curve) potentials for 23Na [Fig.3(a)], 25Mg [Fig.3(b)], 27Al [Fig.3(c)] and 29Si [Fig.3(d)] 

nuclei. The experimental data of 23Na [15], 25Mg [20], 27Al [21] and 29Si [19] are denoted by 

the open circle symbols. From this figure we can see that both red and dashed-blue curves are 

in very good accordance with the open circle symbols. Moreover, both the red and dashed-blue 

curves succeed in reproducing the first diffraction minimum of the experimental data.  

 

Figure 3: The elastic charge form factors for 23Na, 25Mg, 27Al and 29Si nuclei 
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Conclusions 

The ground state charge and matter density distributions, the corresponding rms radii and the 

elastic electron scattering form factors for some sd-shell nuclei (such as 23Na, 25Mg, 27Al and 

29Si nuclei) are studied by the radial wave functions of the HO and WS potentials. The 

calculated results are discussed and compared with the experimental data. It is found that the 

calculated results of charge and matter density distributions are in very good agreement with 

the experimental data except a slight deviation appearing in the calculated results at the region 

of small r. The calculated charge and matter rms radii for the investigated nuclei are in a good 

agreement with the experimental data. The calculated results of the elastic charge form factors 

obtained in both of the HO and WS potentials show a good agreement with experimental data. 
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